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Abstract: Many micro and nano scale devices are influenced by the presence of liquid at the interface 
between contacting surfaces. Such liquid may induce large and undesired adhesive or “stiction” forces. In 
some cases, liquid may find its way into the interface of two rough surfaces that are already in contact. It is of 
interest to model the manner in which the interface proceeds to a new equilibrium configuration upon 
introduction of the liquid. Such a process involves interactions among viscosity, elasticity and capillarity. To 
simulate such effects, a contact model is employed to account for surface deformation, a mixed-lubrication 
model is applied to analyze liquid flow and the Young-Laplace equation is implemented at the boundary of 
the wetted region to provide the capillary pressure. Calculations are performed to reveal the roles of liquid 
viscosity, liquid surface tension, surface roughness and elastic modulus on the generation of adhesive 
forces. 
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1. Introduction  

Many natural and engineered systems involve a thin liquid film between two solid surfaces. 
Familiar examples in nature include: plants and trees, which transport fluid from roots to leaves in 
opposition of gravity through xylem conduits [1]; and soils whose strength characteristics depend 
on the way water interacts between solid particles [2]. Among engineered systems, there are 
several small scale devices for which liquids are present in confined regions during fabrication or 
during operation [3, 4]. In many cases, the presence of the liquid film causes excessive adhesive 
forces and device failure [5, 6]. On the positive side, in the operation of nanofluidic devices, 
capillary forces operating in submicron channels are used to pump liquids from one location to 
another [7, 8]. In this work, a model for the capillary flow between two nominally flat rough surfaces 
is presented. The current model represents an extension to the previous published models of 
liquid-mediated adhesion. Streator and Jackson [9] and Streator [10] presented 2D spectral and 
deterministic approaches, respectively, to model liquid-mediated adhesion between rough 
surfaces. Rostami and Streator extended the 2D liquid-mediated adhesion models to 3D models 
using a spectral approach [11, 12] and a deterministic approach [13]. These former analyses are 
restricted to static conditions (i.e., do not consider flow) and treats the free surface of the liquid in 
only an average sense namely that the film thickness at the periphery of the film is equated with 
the global average spacing between the surfaces. 

2. Methodology 

A schematic plot of the interface of interest is shown in Fig. 1. The wetting liquid spreads between 
an annular rigid flat punch and a rough disk until its radius,b , reaches the outer radius of the 
punch, . The liquid is introduced at the inner radius of the punch, r , and the capillary effect is the 
driving force for the liquid flow. The large concave curvature at the free surface of the liquid causes 
a pressure drop across the free surface, which drives the liquid between the two surfaces. The 
pressure at the inner radius of the punch is ambient, and at the outer boundary of the liquid film, 
the negative pressure can be obtained from Laplace-Young relation [14]. The negative   pressure 
within the capillary film induces tensile stresses in the interface. The compressive stresses arising 
at solid-solid contact spots oppose the tensile stresses due to capillary effects. 
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Fig. 1. Schematic depiction of the modeled interface.
 
In this work, a model is developed to study the capillary flow between the surfaces depicted in Fig. 
1. The model is comprised of a macro-contact model, a micro-contact model and a mixed 
lubrication model. The macro-contact model is used to determine the pressure distribution within 
the nominal region due to external load acting on the contacting surfaces. In macro-contact model, 
the effect of surface roughness is neglected, so that the contacting surfaces are assumed to be 
smooth. The surface roughness effects are considered in the micro-contact model where the local 
gap is calculated. The hydrodynamic pressure distribution within the liquid flow due to the capillary 
effects is obtained from the mixed lubrication model. An iterative numerical algorithm is designed to 
solve the three sub-models simultaneously to obtain the results for the tensile force, liquid flow rate 
and local gap between the two contacting surfaces. 

2.1 Macro-Contact Model 

In the macro-contact model, the pressure distribution under a rigid annular punch deforming an 
elastic half-space is evaluated. A schematic view of this problem is shown in Fig 2. The pressure 
distribution and displacement field for the contact of an annular rigid punch and an elastic half 
space under external loading of  can be obtained numerically via influence coefficients.  The 
influence coefficients are derived from the analytical surface deformation solution of an elastic half-
space under uniform pressure [15].  A finite radius of curvature is assumed for the edges of the 
rigid punch to avoid unbounded contact pressures. Results for the contact pressure distribution 
under a rigid punch with inner and outer radii of 

extP

1=ir  and 3mm =or espectively and with edge 
radius of .0=′r nder the penetration of .0

cm r
mm u1 1=d  given in Fig. 3. μm is

 

 
 
 Fig. 2. Illustration of surface deformation in a 

half-space deformed by an annular rigid punch. Fig. 3. Pressure distribution under the rigid 
annular punch. 
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2.2 Macro-Contact Model 

On a micro-level, all surfaces have some degrees of waviness or roughness. The pressure 
distribution from the macro-contact model along with the hydrodynamic pressure within the liquid 
flow cause surface deformation in the contacting rough disk at micro levels.  In the current model, 
the Jackson and Streator (JS) multiscale model is used to model the contact at micro-scale level. 
The JS model is based on representing the rough surface in multi scales of roughness using the 
fast Fourier transform (FFT) of the surface heights. The rough surface data is generated employing 
a surface profile generation method outlined by Garcia and Stoll [16]. A two dimensional FFT is 
then performed on the generated surface heights to obtain the amplitude at each frequency level 
as is performed in [17]. At each frequency level, the asperities are modelled assuming a three-
dimensional sinusoidal geometry. The relation between average gap and the average pressure at 
frequency level is given by [18] 
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where is the amplitude of the sinusoidal-shaped asperity and is the complete contact pressure at 
frequency level. In the current model, the same volume-loss approach employed by Green et al. 
[17] is used to calculate the gap at each radial position. 

2.2 Mixed Lubrication Model 

A mixed lubrication model is used to determine the hydrodynamic pressure distribution within the 
liquid flow. An average Reynolds equation [19] for incompressible fluid in polar coordinates is used 
which is given by 
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θwhere ,r  are the radial and azimuthal directions, respectively, hydp is the hydrodynamic pressure,

h  is the film thickness or the local gap, 9.01ϕ −= ssure flow factor, and )/(56.0 σhe−  is the pre η  is 
the dynamic viscosity of the working fluid. The second term in Eq. (2) disappears due to 
axisymmetric flow assumption. Also, it is assumed that the squeeze film effects is negligible (right-
hand side of Eq. 2). Equation (2) along with the boundary conditions are solved numerically using 
Gauss-Seidel method to obtain the hydrodynamic pressure distribution. 

3. Numerical Algorithm 

A numerical algorithm is designed to solve the liquid flow problem. After introducing the input 
parameters (see Table 1), an initial value is selected for the radius of liquid flow, b . Next, the 
Reynolds equation is solved for the hydrodynamic pressure distribution. The sum of hydrodynamic 
pressure and pressure distribution due to external loading are inserted into the JS multiscale model 
to solve for the gap at each radial position. Then, a convergence test on tensile force is performed. 
In the lack of convergence, the updated values for radial gap is used in Reynolds equation to 
recalculate the hydrodynamic pressure distribution. When the convergence is acquired, the new 
value of  is calculated based on the relation between the pressure gradient and the rate of 

change of liquid flow radius 
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                                                  TABLE 1:  Reference properties 

Name Symbol Value 

Nominal domain radius or 3 cm 

Radius of entrance hole ir 1 mm 

Edge radius r′ 0.1 mm 

Effective elastic modulus E ′ 50 GPa 
Liquid surface tension γ 72.7 mN/m 

Liquid viscosity η 0.89 mPa.s 

r.m.s. surface roughness σ  0.4 μm 

 
4. Results 

A set of results of the numerical algorithm for the reference properties given in Table 1 in the 
presence of external load ( )P s presented in this section. The results for the tensile force,

tF , and flow rate, Q , as the liquid spreads between the two surfaces as a function of time is 
shown in Figs. 4 and 5. The liquid flow starts at radius 

Next 30=  i

0bb =  and flows until the radius reaches the 

outer radius of the domain . As it can be seen, the tensile force increases with time while the 
flow rate decreases with time.  The results for the maximum tensile force,  and the initial flow 
rate, , versus the external load are shown in Fig. 6. As it can be seen, the maximum tensile 
force increases with the external load while the flow rate decreases with the external load. 

orb =

maxtF
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Fig.4. The results for the tensile force versus time. Fig.5. The results for the flow rate versus time. 

Fig.6. The results for (a) maximum tensile force, and (b) initial flow rate 
versus the external load. 
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Conclusions  

In this work, a numerical model for the liquid flow between two contacting rough surfaces due to 
capillary effects is presented. A contact model comprised of micro and macro level sub-models 
along with a mixed lubrication model are used to obtain the results. The results for the tensile force 
and flow rate are presented based on solving an iterative numerical algorithm. The results show 
that as the liquid spread between the two surfaces, the tensile force increases and flow rate 
decreases. The maximum tensile force increases as the external load is increased while the flow 
rate decreases with increasing external load.   
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